Recent years have witnessed an extraordinary spurt in attention toward the wave manipulating strategies revealed by coding metasurfaces as they build up a bridge between the physical and digital worlds. Newly, it has been shown that when two different coding patterns responsible for doing separate missions are added together based on the superposition theorem, the mixed coding pattern will perform both missions at the same time. In this paper, via a semi-analytical procedure, we demonstrate that such a theorem is not necessarily valid for all possible functionalities with considering phase-only coding distributions and ignoring the element pattern function. By revisiting the addition theorem, we introduce the concept of asymmetric spatial power divider (ASPD) with arbitrary power ratio levels in which modulating both amplitude and phase of the meta-atoms is inevitable to fully control the power intensity 
Introduction
One of the favorites of humankind is to guide the electromagnetic (EM) waves in their desired direction. According to the inability of natural materials to provide exotic wave-matter interactions, metamaterials have paved the way to control the EM waves in an unprecedented manner 1, 2 . Metamaterials are artificial sub-wavelength metal/dielectric composites which arm a platform to realize various rich applications including, but not limited to, invisibility cloaks [3] [4] [5] , negative refraction 6, 7 , illusion 8, 9 , beam deflection 10, 11 or epsilon near zero behaviors 12, 13 . To overcome the metamaterials' disadvantages arising from fabrication complexities, high inherent losses, strong dispersion and bulky profiles, metasurfaces have emerged as 2D version of metamaterials to offer a promising groundwork to tailor diverse signatures related to the EM waves like amplitude 14, 15 , phase 16, 17 , polarization 18, 19 , and wave-vector 20, 21 . The initial overwhelming interest in metasurfaces lies in abrupt and controllable change of wavefronts through a spatial inhomogeneity made by sub-wavelength scatterers, called meta-atoms, over an infinitesimally thin interface whereby we are able to mold wavefronts into shapes that can be designed at will 22 .
In an effort to manipulate the EM waves with more degree of freedom, a simple but yet powerful concept was emerged as âĂĲCoding metasurfaceâĂİ 23 . The coding representation of metasurfaces remarkably facilitates the design and provides great convenience owing to the digitalization of meta-atom geometry where it also provides a conceptual link between the physical and digital worlds 24 . By purposefully distributing the coding particles ordered by a certain coding pattern over a 2D plane, coding metasurfaces open the door to many novel and programmable functional devices such as abnormal mirrors [25] [26] [27] [28] [29] , low scattering surfaces 17, 30, 31 , and information encryption interfaces 32 in a more simple and efficient way, where the conventional strategies fail to achieve satisfactory performances. Recently, it was
shown that when two different coding patterns are added together via the superposition theorem, the mixed coding pattern will elaborately perform both functionalities of primary metasurfaces at the same time 33 . More recently, it has been also demonstrated that involving the complex codes aids to reach multifunctional meta-reflectors, where several missions of coding metasurfaces could be flexibly superposed together by means of the addition theorem 34 . Nevertheless, in these versions, the addition operation of two complex digital codes putational cost. More recently, Zhang et al. 35 represented that by changing the angle of incidence, the amount of power distribution for each beam can be varied. Nevertheless, once the power ratios are determined, the direction of the reflected beams is forced to the user. Meanwhile, the presented design, which is restricted to only two beams, is based on numerical predictions and no semi-analytical framework supports that study. To the best of authors' knowledge, the precise control of power budgets of multiple beams with arbitrary orientations has not been reported, yet, and quite remains as a challenging task.
In this paper, we revisit the addition principle in coding metasurfaces to prevail the above-mentioned shortcomings, where both amplitude and phase of the coding particles are engineered to control the power intensity pattern of the proposed ASPD. Based on the superposition theorem, a general and straightforward semi-analytical method is presented to predict the exact power level of each radiated beam. It is demonstrated that the ASPD design with phase-only coding meta-atoms fails to achieve satisfactory results. Moreover, the quantization/discretization and element factor effects are incorporated in our design where the numerical simulations depict that benefited from 3-bit phase/amplitude-encoded C-shaped particles, we can accurately manipulate the power ratios without sacrificing the meta-atom amplitude and changing the tilt angles. To demonstrate the generality of the concept, several illustrative examples are studied. The simulation results have a very good agreement with the theoretical predictions and we believe that the proposed ASPD will open up new opportunities to power-controlling applications.
Theoretical Framework
Unlike the traditional âĂĲanalog metamaterialsâĂİ specified with continuous effective medium parameters, coding metasurfaces drastically facilitate the wave-matter interaction where the designs rely on introducing field discontinuity along the surface by spatially engineering the scattering meta-atoms in an array 40 . By introducing abrupt phase shifts covering the range of [0 − 2π], the coding metasurfaces with spatially varying geometries 41 , DC biases 32 , and orientations 42,43 can imprint specified phase discontinuities on the propagating fields over the subwavelength scale, based on the generalized SnellâĂŹs law 44 . Referring to this law, the in-plane component of the incident wave-vector is artificially mapped to that of the desired reflected one as k r = (k 0 sin θ cos φ + ∇φ x )x + (k 0 sin θ sin φ + ∇φ y )ŷ wherein the gradient symbols denote the slopes of the phase variations along the x and y directions, respectively. For k r > k i , the anomalous reflection behavior appears in which the direction of the scattered beam can be determined by 
In the above equation, E element (θ, φ) and a mn are, respectively, the pattern function and complex reflection coefficient of the meta-atoms, F (θ, φ) refers to the array factor, θ and φ are the elevation and azimuth angles, and k = 2π/λ is the wavenumber, where λ is the working wavelength. The directivity function can be subsequently computed by 25, 47 Dir 
Here, |a 
Knowing that
Fthe combined coding metasurface can be written according to Eq. 2,
It should be noted that the multiple scattered beams created by the superimposed coding pattern obey the above equation. In the generalized revisiting of the addition principle, the power level of each radiating beam can be independently controlled via incorporating different multiplicative power constants, p j , to Eqs. 5 and 6. A similar mathematical manipulation yields
The above equation represents the generalized form of addition theorem in which E directions (see Fig. 2 ). Subsequently, for each couple of pencil beams, the power ratio level obeys the following relation 
Concept Verification
In particular, we assume the element pattern function as
Nevertheless, the cosine function of Eq. 13 closely resembles the element factor of the antenna elements 30, 32, 35 . With substituting Eq. 13 into Eq. 12, one can readily deduce that in order to design an ASPD with desired power ratio level, the power coefficients should be chosen as p
Once the power coefficients are determined, the phase and amplitude information of the superimposed coding pattern can be immediately obtained from Eq. 10. Subsequently, the phase/amplitude-adjustable meta-atoms are aimed at imitating the required EM local responses dictated by the superimposed coding pattern. For the sake of simplicity, we put the focus of our design into the case of coding patterns with two and three asymmetric multiple beams to verify our claims about the necessity of the addition theorem revisiting.
The numerical simulations are firstly carried out in the Matlab software using the antenna array theory. We begin the study with semi-continues designs in which the ASPD structures are imperceptibly (smoothly) discretized and no phase/amplitude quantization has been applied. The configuration of the semi-continues demonstrations is the same depicted in continues phase/amplitude modulation). In the first illustration, we demonstrate how to achieve two asymmetrically oriented scattering beams with a specific power ratio by applying the generalized addition operation on the corresponding complex coding patterns. The first coding pattern reflects the incident waves into the direction of (θ 1 = 10
While, the second one is designed to scatter a single pencil beam pointing at the direction 
into two main directions of (θ 1 = 10
• and θ 2 = 30 • ), a special functionality which the con- Figure 4 : Demonstration of three power-dividing examples for different power ratio levels for three beams via monitoring the 2D scattering patterns of the ASPD structure ventional wave-splitting platforms fail to achieve 35 . Referring to Eq. 10, in order to have two differently-oriented beams with equal power intensities, the ASPD structure must be driven by the superimposed coding pattern governed by the generalized addition theorem where the power coefficients are adopted as p 2 /p 1 = 1.137. As can be seen from Figs.
3c,d, thanks to the addition theorem revisiting, the power ratio level of two scattered beams satisfactorily approaches to unity (about 0.99) with the same desired tilt angles. We continue to study another peculiar performance which cannot be realized by traditional coding metasurfaces, i.e. producing two independent asymmetric beams on different planes with the power ratio level of (P 
To continue the concept verification, we wish the ASPD structure to generate three independent pencil beams with (θ 1 = 10
Figs. 4a-c represent three different power intensity patterns in each of which, three reflected beams with the pre-determined power ratio levels have been successfully acquired by the superimposed coding patterns resulted by p 1 = p 2 = p 3 = 1 and p 1 = 1, With the above discussions, we have made two observations in the revisited version of the addition principle where a laterally-infinite continuously modulated metasurface is under study: (i) deflecting the incident wave into multiple arbitrarily-selected directions and (ii) dividing the power asymmetrically between the radiation beams. Such illustrative examples divulge that theoretically revisiting the addition operations of complex coding patterns via incorporating the amplitude information of the meta-atoms will boost the manipulating abilities of the coding metasurfaces, outstandingly and furnish a robust and flexible design approach for such power-based complicated manipulations. Theoretically speaking, any controllable power ratio levels for multi-beam emissions can be gained by using the revisited version of the addition principle. Prior to providing the meta-atom detail, we stress that in this paper we characterize the meta-atoms occupying the ASPD with both amplitude and phase information. To demonstrate the necessity of such an assumption, let us consider the same approach given in Ref. 34 which neglects the reflection amplitude distribution in the superimposed coding patterns. The results of Fig. 3c and Fig. 4c are re-evaluated but with neglecting the reflection amplitude data. As can be seen in Fig. 5 , the power ratio level of the scattered beams do not further match with our theoretical predictions, thereby, highlighting the significant role of amplitude information in the revisited addition principle.
Unlike the previous strategies that are applicable only for predicting the direction of tilted beams, the regulations presented in this study are more general and applicable to study 
Numerical Simulations: incorporating discretization and quantization effects
Up to now, we have studied a semi-continues phase/amplitude modulation over a latterlyinfinite plane, an optimistic hypothesis which cannot be realized in practice. A coding metasurface is composed of digital meta-atoms whose size and bit number specify the grade of discretization and quantization, respectively. In these wave-manipulating schemes, the discrete reflection phase/amplitude states of the metasurface are adjusted with multi-bit coding sequences realized by spatially inhomogeneous meta-atoms [41] [42] [43] . Since the amplitude/phase profiles of the proposed ASPD structures in Eq. 6 were assumed ideally continuous in level and spatial position, henceforth, the discretization and quantization effects should be involved in our study, as the constituent meta-atoms have a certain size and phase/amplitude response. In order to investigate the discretization and quantization impacts, the previous simulations are re-accomplished for coding metasurfaces con- Pattern characteristics
• , ϕ 2 = 0 • ) and p 2 /p 1 = 1.115 1.113 1 1
In the other illustration, the 2-bit (Fig. 6c ) and 3-bit ( Table. 1. Consequently, one can deduce that the revisited version of the addition theorem does not remain valid under aggressive quantization levels. Meanwhile, to have a full control over the power pattern intensity of the encoded ASPD designs, it is required in this paper to modulate both phase and amplitude states of the meta-atoms in 3-bits or higher quantization levels 41, [53] [54] [55] [56] [57] .
Different methodological attempts have been made to simultaneously modulate the amplitude and phase profiles of a metasurface via tuning the geometry of antennas 41 . The metaatoms employed in this paper integrate the functionality of a metasurface for phase control and a metasurface for amplitude control which are adjusted with the geometrical configuration and angular orientation of C-shaped particles, respectively 41, 43 . The phase-controlling metasurface is composed of geometrically-engineered C-shaped antennas and functions in a linear cross-polarization scheme. Indeed, the phase can be robustly and independently controlled in the reflection mode with a polarization orthogonal to that of the incident wave by the arm length and the open angle (Fig. 1b) . The symmetry line of each particle is ori- This figure illustrates that the designed meta-atoms have maximum scattering field intensity along the boresight direction while it falls down gradually when observation direction deviates from θ = 0. Hereafter, this element factor which can be approximated by cosine function will be involved in Eq. 12 to accurately predict the power ratio level of multiple beams scattered by the ASPD designs.
To further validate the concept and dive in the performance of our designs in a more realistic configurations, the finite-size ASPD architectures are excited by a normal plane wave in a full-wave simulation host, CST Microwave Studio. The design follows our previously developed analytical formalism and we characterize the functionality of the phase/amplitudeencoded ASPD (realized by 3-bit coding meta-atoms) through a bistatic scattering pattern measurement setup, numerically. In the following, two specific examples are perused by simulations to show the powerful ability of the proposed ASPD meta-devices in generating multi-beam scattered beams with asymmetric power ratio levels. Without loss of generality, the y-polarized normal incidence is considered here. As the first demonstration, aided by the addition theorem revisiting, we have combined two gradient metasurface producing pencil beams along (θ 1 = 15 Table. 2.
The quantitative achievements resulted by the comparison between analytical and numerical results, depict a perfect concordance. The existing negligible errors are mostly due to the discretization and finite size of the ASPD which are interestingly less than 3%. In overall, the proposed ASPD structures successfully perform their missions, i.e. dividing the power asymmetrically and arbitrarily between multiple beams pointing at our desired directions, an outstanding functionality which was not reported for the coding metasurfaces.
Conclusion
To sum up, according to this point that the ability in controlling the power distribution of scattered beams is highly demanded by engineers in diverse practical application, the emptiness of exploiting a straightforward and fast way to meet the existing requirements for coding metasurfaces was severely sensed. To fill this vacancy, by revisiting the superposition principle, a revised version of the addition theorem was proposed for the first time to estimate the exact amount of the power ratio of the multiple beams. As a consequence, we introduced the concept of ASPD architectures whereby the power can be spatially, asymmetrically and arbitrarily divided between multiple beams oriented along the pre-determined directions.
The proposed design scheme is not accompanied with any brute-force optimization, trialand-error steps, and time-consuming procedures. Particularly, it was theoretically shown that unlike the previous demonstrations, both phase and amplitude profiles of the coding metasurfaces must be modulated to empower us to flexibly control their power intensity patterns. Benefited from C-shaped meta-atoms, we was able to independently tailor the local reflection phase and amplitude in a 3-bit quantization level. Several illustrative examples were presented in this paper to validate the concept. This work takes a great step forward in designing spatial power dividers for which many promising applications such as beamforming networks and MIMO communication can be envisioned.
